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Abstract

R

We summarize recent developments at the interface of quantum gravity and quantum information and
discuss applications to the quantum geometry of space in loop quantum gravity. In particular, we describe the
notions of link entanglement, intertwiner entanglement, and boundary spin entanglement in a spin-network
state. We discuss how these notions encode the gluing of quanta of space and their relevance for the recon-
struction of a quantum geometry from a network of entanglement structures. We then focus on the geometric
entanglement entropy of spin-network states at fixed spins, treated as a many-body system of quantum poly-
hedra, and discuss the hierarchy of volume-law, area-law, and zero-law states. Using information theoretic
bounds on the uncertainty of geometric observables and on their correlations, we identify area-law states as
the corner of the Hilbert space that encodes a semiclassical geometry and the geometric entanglement entropy

as a probe of semiclassicality.
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Introduction

515

A physical and predictive description of gravitation at all scales of length and energy, or in short quantum
gravity, is meant to emanate from consistently merging quantum theory and general relativity. In quantizing
gravity or gravitizing the quantum, whichever perspective or starting point one might choose, a common
thread is that we need to push further the revolutionary intuition of general relativity: gravity is not defined
as a mere force or interaction but arises from the relations between observers; it is a manifestation of the

relativity principle itself, applied to all observers and not restricted to inertial observers.
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With geometry weaved from the network of relations between space-time points, it is then natural to
seek a reformulation of gravity entirely in terms of information and flow. This point of view becomes even
more relevant at the full quantum level. When the classical notions of coordinate system and reference frame
fade away, the fundamental symmetry of general relativity - diffeomorphism invariance - ineluctably leads

to a localization problem. With no direct way to localize quantum systems in a quantum space-time without



background geometry, only relations are physical degrees of freedom (see, for instance, [1] for such a refor-
mulation of quantum mechanics). In this context, quantum geometry should be entirely defined in algebraic
terms without referring to a classical background. Translating it to the language of quantum information
would allow us to better understand its structure, in particular the flow from microscopic scales to macro-

scopic structures and the emergence of a classical smooth geometry.
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Among the several approaches to quantum gravity, loop quantum gravity (LQG) builds space-time from
Planck scale quanta of geometry. The fundamental degree of freedom is not the metric, but the Ashtekar-
Barbero connection encoding the transport of reference frames along the space-time manifold. The metric is
a composite field, distances are an emergent concept, and the quantum space-time is built like an evolving

lego system with quantum superpositions and quantum evolution of quantized reference frames.
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In this context, we would like to use quantum information, and more specifically quantum entangle-
ment, as a witness of quantum geometry, in order to probe the geometry at different scales and understand
how classical geometry emerges. In fact, a starting point is the natural hierarchy of correlations. For instance,
two-point correlation functions, in quantum field theories and condensed matter models, naturally allow to
reconstruct distances between points, in suitable regimes. Then we expect three-point correlations reveal
corrections to the triangular inequality for distances and mismatch of transport around loops, i.e., to the no-
tion of curvature and, so on, with multi-body entanglement revealing further layers of information about the

geometry.
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This chapter is thus devoted to introducing the basic mathematical notions to understand and study the
structure of entanglement for spin network states of geometry in loop quantum gravity and to providing useful

examples illustrating the various sources of entanglement for quantum geometries.
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Quantum States of Geometry
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Loop quantum gravity is based on a Hamiltonian formulation of general relativity. At the classical level,
we proceed to a 3+1 decomposition of space-time into a three-dimensional space and the one-dimensional
time. Then general relativity predicts how the three-dimensional space manifold evolves in time. At the
quantum level, loop quantum gravity defines quantum states of 3D geometry and describes their evolution in

time.
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The quantum geometry is not directly described in terms of metric. As in other approaches to quantum
gravity, the metric is a semiclassical notion emerging at large scales, in suitable regimes, from more funda-
mental quantum degrees of freedom. Loop quantum gravity (LQG) relies on the first-order formulation of
GR in terms of tetrad and Lorentz connection. The tetrad defines the local choice of basis for the four space-
time dimensions, while the connection describes how to transport this local basis from a space-time point to
another. The metric is a composite field reconstructed from both tetrad and connection. In those variables,
classical general relativity is written as a gauge theory. The theory is invariant under both space-time diffeo-
morphisms and the Lorentz group as the local gauge group. We expect those symmetries to also drive the

quantum theory.
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LQG focuses on a complete set of observables: the holonomies (encoding the finite transport between
space points defined by the connection) and fluxes (defining the normal bivectors to surfaces). The Poisson
brackets between those variables, computed from the symplectic structure of general relativity, form a closed
Lie algebra, called the holonomy-flux algebra. Its canonical quantization yields LQG and defines the unique
diffeomorphism-covariant representation of those observables on quantum states (see [2-4] for a thorough

presentation and [5-8] for a pedagogical overview).
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Let us underline an important subtlety of the formalism. The fluxes and holonomies are canonically
conjugate variables. However, the fluxes satisfy second-class constraints, which reflect that they are entirely
constructed from the tetrad fields even though they have more components. The standard LQG formulation



solves those ”simplicity” constraints by choosing a specific gauge, called “time gauge,” which sets the time-
like normal vectors in internal space to the reference 4-vector (1, 0,0, 0) [9, 10] (see [11-13] for issues related to
this gauge fixing). This condition breaks the local Lorentz symmetry down to a local SU(2) symmetry under
spatial rotations, so standard LQG is formulated in terms of SU(2) holonomies and SU(2) fluxes, as we will use
in the present chapter. It is nevertheless to keep in mind that a modern framework has been developed which
explicitly solves the simplicity constraints without gauge fixing and restores the Lorentz gauge symmetry
[14,15].
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In this section, we define those quantum states of geometry in terms of spin networks. We recall their
geometrical interpretation as discrete geometries and explain their re-interpretation as networks of entan-
glement between space-time points. In particular, we carefully distinguish the different types of degrees of
freedom encoded in the spin network states and the entanglement they carry. This underlines the crucial role
of two-dimensional boundaries in LQG and leads us to discuss the bulk-boundary relation and investigate

holographic properties of spin networks.
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Wave-Functions and Spin Networks
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Loop quantum gravity defines quantum states that capture the geometry of a finite number of space-time
degrees of freedom. Indeed, as illustrated in Fig. 1, a state is defined by choosing a finite number of points on
the 3D space manifold and a graph linking those points together and by considering a wave-function of the
holonomies of the Ashtekar-Barbero connection along the links of the chosen graph. Those holonomies are
group elements of the Lie group SU(2) and encode the transport, or change of 3D reference frame, from one
point to another. The emphasis on using the transport between reference frames as the fundamental variable

for the geometry hardcodes relativity and the notion of change of observers in the kinematics of theory.
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So let us consider a closed oriented graph I' with E edges and V vertices. Focusing on a finite set of
observables living on the graph - the holonomies along the graph links do not necessarily mean that there is
no geometry away from the chosen graph but that the whole geometry of space is to be entirely reconstructed
from the data living on the graph [16]. We consider gauge-invariant wave-functions depending on SU (2)

group elements on every link or edge e € I' while being invariant under the SU (2) action at every vertex

verl:
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Fig. 1 Quantum states of geometry in loop quantum gravity are wave-functions of the SU(2) transport
along the edges e of a graph T' . The gauge invariance under local SU(2) transformations is imposed at every

vertex v of the graph
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where s (e) stands for the source vertex of the oriented e and ¢ (e) the corresponding target vertex, as drawn
in Fig. 1. The symmetry requirement implements the gauge invariance under local SU(2) transformations or

equivalently local changes of 3D reference frame.
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The Hilbert space of quantum states of geometry on that graph is then the I? space of gauge-invariant

wave-functions provided with the Haar measure on the Lie group SU(2):
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The full Hilbert space of loop quantum gravity is then defined as the sum of those individual spaces F 7
over all graphs defined mathematically as a projective limit taking into account the inclusion of graphs into
one another [17].
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An orthonormal basis of #(t is defined by using the Peter-Weyl theoreom and the Plancherel decomposi-
tion of functions on SU(2). This is the equivalent of a Fourier decomposition or more precisely the extension
of the decomposition of functions on the two-sphere into spherical harmonics, where the Fourier modes are
given by the Wigner matrices. This leads the spin network basis states |, j,, I,,) , labeled by a spin j, € % on
each edge e and an intertwiner I, at every vertex v, as illustrated in Fig. 2:

F AT -FM/REFRAT SU(2) b BRERE)E BHER/R 73 AT AR 2 Fer B — AR RS HS, X5 T4
Mo R, TR, e KT E R BORIE R, Hr B R 4R A RE LG
A TS S E B RS [T, jo, L), BN e I—DHEIE j, € % i, AT v H— R
T I, tnid, a0l 2 Ais:

7 =P CIT, jo I).- @

Ue-Tole,ver
A spin j defines a irreducible representation of the Lie group SU(2). The associated Hilbert space, noted
VJ , has dimension dj = (2j +1). Writing J% with a = x, y, z for the 3u (2) Lie algebra generators, we use the
usual basis of V/ diagonalizing both the $u (2) Casimir J? = 8,,J%J? and the generator J? and labeled by the
spin j and the magnetic momentum m running by integer step from —j to +; :

—NETE j A RZERE SU2) F— M RATARR, M AR/RIBRFERICA VI, 4808 d; = 2j + 1)
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Fig. 2 A spin network, on a closed oriented graph I', is a basis state labeled with spins j, € %] on the
graph edges and intertwiner states I, on the graph vertices. Intertwiners are maps that commute with the
SU (2) action, between the tensor product of incoming spins and the tensor product of outgoing spins. They
can be understood as singlet states. Here, I, is a three-valent intertwiner from VI3 to Vi1 @ Vi2 | while Icis
a five-valent intertwiner mapping V/2 ® VJs to V4 @ V/s @ V7
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An intertwiner I, at the vertex v is a SU(2)-invariant map between the tensor product of the incoming

spins and the tensor product of the outgoing spins, as illustrated in Fig. 2:
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Since the complex conjugate representation (Vj)* is isomorphic to V/ , intertwiners can be simply seen

as singlet states, in the tensor product of all the spins living on the edges linked to v :
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By definition of an irreducible representation, bivalent intertwiners only exist if the two spins j; = j, are

equal and are then unique. Trivalent intertwiners between three spins exist if and only if those spins satisfy



triangular inequalities, |j; — j,| < j3 < (ji1 + Jj2) , and are then unique: they are given by the Clebsh-Gordan
coefficients. From valence 4 onwards, the intertwiner space grows in dimension, and they are multiple non-
trivial intertwiner states. An interesting result from the representation theory of semi-simple Lie algebras is
that higher-valent intertwiners can always be made from three-valent intertwiners by unfolding the vertex

into a three-valent tree.
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Then the spin network wave-function is obtained by gluing the chosen inter-twiners at the vertices to-

gether connecting them by the Wigner matrices of the holonomies along the graph edges:
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where Dmm, (g) = (j,m|g| j, m') are the matrix elements of the Wigner matrix D/ (g) representing the
SU (2) group element g in the spin- j representation in the magnetic moment basis.
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In the geometrical interpretation of loop quantum gravity [18-20], intertwiners represent excitations of
the 3D volume, while spins give the quanta of area of the interface gluing neighboring chunks of volume
(in other words, the cross section). This is further validated by the geometrical interpretation of intertwin-
ers as quantized convex polyhedra [21-23] with the spins giving the area of the polyhedra’ faces. From this
perspective, spin networks are interpreted as discrete geometries or more precisely the quantization of 3D
twisted geometries [24]. Twisted geometries are an extension of 3D Regge geometries to discontinuous 4D
embedding [25].
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The goal of the present chapter is to introduce the tools to interpret the geometry of spin network in light
of quantum information. In particular, we explain how the basic components of the quantum geometry - the
spins and intertwiners - are reflected in the entanglement.
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Geometry as a Network of Entanglement

JUIE R 2 i 2

Now, LQG’s quantum states of geometry are spin networks, built from gluing quanta of 3D volume, the
intertwiners, together through quanta of 2D area, the spin-network edges. This gluing is not an innocent

operation; it actually creates entanglement between neighboring quanta of 3D volume. So spin networks can
be thought of as networks of entanglement.

H#l, LQG & FZETEMES, H=4E/Af1&E T (Bl intertwiners, %8 F) i#id —4EHfH &
+ (BN EBEM£510) RS R IXAR S I IR R R EIRME; ©3Lhn ESTEMRH =4 ATH &

T IEFALMYE, R B e M2 rT DAL N EH RN 45

In order to make this picture concrete, let us look more closely at the entanglement across a spin network
edge, as depicted in Fig. 3. There are three different notions of entanglement, depending of the objects on
which we focus:
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Fig. 3 We distinguish the link entanglement E (A | B) between the spin states living at the two ends of the
spin network edge, the intertwiner entanglement € (A | B) between the two intertwiners living at the vertices
A and B, and the boundary spin entanglement E° (A | B) between the spins living on the boundary of the

spin network region formed by merging the two 3D regions A and B

B 3 BeATTIX o =228 2T B BE M8 P el B BEAS Z [RIRVRERZEUZE E (A | B) . AL T T AR B
RERT D2 2 RIRT R R FEM9E € (A | B) , DAREF A1 B D =4EXIBUSTS EIRT B eI 451X

IR S B BTS2 MEIA5T B IEEHYE E° (A | B)

« The link entanglement between the two spins that are directly glued together by the link

o HBEREERS SR B e AR RERE U2

« The intertwiner entanglement between the two intertwiners living at the vertices glued by the link

o RITFHPORBERRG S B TURAL BRI 52 28 2 [RI R 52 98 12428

11



« The boundary spin entanglement between the other spins around those vertices
o TRUCHAR B B [RIFTIA 5T B hes 2

Let us underline that spin states |j, m) live on the half-edges of the spin networks. They are not SU(2)-
gauge invariant object, and they are in fact summed over in the definition of the spin network wave-function.
From that point of view, the link entanglement does not measure the quantum entanglement between phys-
ical degrees of freedom. On the other hand, intertwiners are legitimate gauge-invariant objects and reveal
quantum correlations between the two spin network vertices. However, they do not reflect at all whether an
actual link exists between those two vertices or not. Nevertheless, putting these two notions together leads to
the boundary spin entanglement. Indeed, as we will prove below, the boundary spin entanglement is indeed

the sum of the link entanglement and intertwiner entanglement.
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While glued spin states along spin network edges are not physical degrees of freedom, spin states living
on cut links have a different status. Indeed, they are interpreted as living on the boundary of the spin network.
Here, considering two vertices glued by one edge, the spins living on all the other links attached to the vertices
constitute the boundary of that region of space. They become legitimate degrees of freedom (see, e.g., [26] for a
reformulation of boundary modes as would-be-gauge degrees of freedom in gauge theories, relevant for LQG),
and the boundary spin entanglement is a tangible measure of the correlations between them.

T B8R & 1 B ISR TR B B, (ERMTRERE B BB AR eI R AL
T EREMESATAS b AL, XTSRS RIMANTIUR, BT IR T ERFT A AR
ERY B e TS RIS, X B R SR YEL B (BN, 2 USKER [26], %5CRR
R S EH R VM HEIC RS B B, X LQG &), W5t B2 el >k
FERH R UL i

Link Entanglement

HER A

As drawn in Fig. 4, a spin network link e carries two spin states, one on each end of the link. These two
spin states are related by the holonomy g € SU (2) running along the link. Let us assume that the link is
dressed with a fixed spin j . Then the state associated to the link lives in V/ @ (V/ )* = End [V/]. In the case
that the holonomy is known, then the state is

U1 4 FIT7R, F HE I 64 o M TN E HEAS, BERETION 45 — o P E B H R R AR
IR g € SU(2) 2, TAVBEZSERA G EE E BE j , A A BB AR T Vi@ (V)" = End [V/]
th, ERUREH], ZETE RN
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. 1 ;
oU8 = —_ Z D) s (8)

. mS.mt
d]m,m

J1
J2

Jp

Fig. 4 The two spin network vertices A and B are glued along a link carrying the spin j . The link
entanglement E (A | B) along that spin network edge is the entanglement between the source spin |j, m*) and
the target spin |j, m') defined by the chosen link state ® , which controls the gluing. This link state links in
Vi (Vj )* and represents the superposition of SU (2) holonomies transporting the local reference frame from
AtoB

B 4 PN B HEMIZE TS, A 1 B I — 2648571 EL e j RUBERERL & 1% B e 4510 ERIEHEAE E (A | B)
ETREBE |j, mS) SHEEBE |j, m') Z B BEE RS © & SCHYLHEHE, IX Mk S flE R ol i, %
BEREASEIE VI @ (V1) , 3 SU Q) MHURIIBIN, IXERIFA RIS %S RM A 6% B

Since the Wigner matrices are unitary, this state (Using the ismorphism between VJ and (Vj )* , We can

map this into a state in V/ @ V7 :

H T 4ERRANAE IR K IR, R VIR (VD) 2RI, FRATTAT DORHZ AR A VI @ VI FREIZS:

1 j—mS __j ; . - i
— 2, VD @mt) ® 1, —mS) e VI® V. (10)
\ /dj ms,mt
In the special case where the holonomy is trivial along the link, g = [, then the Wigner matrix is the iden-
tity, and the link state reduces to the standard singlet state 3 (=1)’ " |j, m)®| j, —m) € Invsy [V @ V7] )

CI)§|—>

m
is normalized. This clearly is a maximally entangled state between the source and target. To check this, we
compute the reduced density matrix, for instance, for the target spin, which simplifies due the unitarity of the

Wigner matrix:

LRI HURZ FILRR, Bl g = 0N, SEREOVERER MO, BERARM AR IE B E S
Y (=1 ", m®| j,—m) € Invsye [VI @ VI o ) AL, BAREIR E IS 8 E Ve
BRAgAS, JIIEIX— S, AT AR, G B e L B, s
BB 4 TR B AT DAL A

o 1w .
p® = EZ/ Jomy(j.mt| =1, (11)
m

<
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where [; is the identity on the Hilbert space VJ . This reduced density matrix does not depend on the

holonomy g and is always the totally mixed state, with maximal entropy:

Hrp ) B /MERSR v ERALRRT, AR MR TR g, hARERES, A
A BRI

EU® (s| ) = = Trpd"® Inp{"® = Ind; = In(2j +1). (12)

The link entanglement is non-zero as soon as the spin carried by the link does not vanish j # 0. In fact,
considering a vanishing spin j = 0 is completely equivalent to having no link. Thus having a non-trivial link
between two vertices in a spin network means having a non-trivial entanglement. This leads to the picture of
a spin network as a graph whose links represent a (maximal) entanglement between spin states or, in simpler
terms, an entanglement graph [27, 28].

HEFRARHFIERAANE j # 0, TERUEHMAES, FX L, BIENE j = 0 F M T AFEIXHER,
Rk, EHEMZ PR Z B EIRFE LR, SURWREFETRF LS, It BATTA] DK B e
2% BN — K ] EIRBERRAAR B HES Z AR (oK) 2128,  fal sk it /e — ok e| g ] [27, 28],

Nevertheless, in general, the holonomy and the spins are not fixed. They are distributed according to the
considered graph wave-function. This is appropriately described by a link state that depends on a probability
amplitude for the holonomy ¢ (g) € I? (SU (2)) . By decomposing this probability amplitude into spins by the
Peter-Weyl theorem, one translates it into the corresponding link state:

(BRI, FISRAE R R RN, EAHRIRG 2 E I R TG, I 0] DUEIT AU R
IR ¢ (g) € I? (SU (2)) MRS KA MR, RIS SR & B MR IR B Ve s, 3RA1)
BRAEAS SRR e

P@= 0 G Dhs @ = X Bl (o]

Jj.ms,mt Jj.ms,mt

(13)

with the normalization fdg|¢(g)|2 =1= ZTrquj(qﬁj)T =(D| D). (14)
J

The reduced density matrix for the target spin reads:

O B BERIZ L AR R N :

pf = Trglo)@l = [qsf(qsf)T]mtmt [jomt) (i | € End[@jw‘] |

Jjmtmt

(15)
This matrix is diagonal by block, each block corresponding to a spin j , and its Von Neumann entropy

gives the entanglement carried by the link:

SRR Y, BN A j, HE- R SRR % R I 2
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Eo(s| ) == Tr(p;Inp;) withp; = ¢i(¢)) . (16)
;

One can fix the spin by requiring that the probability amplitude ¢ for the holonomy carries a single spin
Jo » 1., that the matrices ¢; vanish except for j = jj . In this case, the entanglement sum formula reduces to

a single term:

BATRT DS SR 24U MERIRERIE ¢ CUETH BB BE jo KEE HEE, BVEFRE ¢; BR j = jo SMIN
To MBS, HPER AR B —

¢j x 8;j, = Ep(s| t) = —Tr(p;,Inp;,) with Trp; =1. (17)

Then the entanglement is bounded by the value of the spin Eg (s | t) < In(2j, + 1) . The maximal value
is reached when p o is the totally mixed state, in which case we recover the result obtained earlier for fixed

spin and holonomy:

IR 22 R B BE Eg (s | 1) < In(2jp + 1) BMESE, X pj, NERGENIEIRAME, ZHEHL A
A DA RIEATEE B e 5 2215 2 ry 45 R

5uod y = Ea(s|t)=1In(2j, +1). (18)

This means that, for a fixed spin, non-maximal entanglement along a spin network link comes from

quantum superpositions of holonomies.

XEWE, NTEEBEE, HEMZIELS ERARRRMERIE T 2ot r &1 &0,

Intertwiner Entanglement vs. Boundary Spin Entanglement

gigs M9 vs I el 9

The link entanglement along a spin network edge only reflects the act of gluing two vertices along that
edge. It does not provide a measure of the quantum correlations between the quanta of 3D geometry living at
the two vertices linked by that edge. Let us thus focus on two neighboring vertices of a spin network, A and B
,as in Fig. 5, linked by a single edge oriented from A to B and decorated with a fixed given spin j . The other
legs attached to the vertex A are decorated with spins jy, ..., jp , while the other edges attached to B carry the
spins ky, ..., kQ . Having fixed all the spins, the only remaining freedom is the choice of intertwiner states.

Indeed the Hilbert space of spin network states for this configuration at fixed spins is

I HE M 25321 A BERS EH 28 (R W ORGP DN THURU A B, B TE TR B R R A D TR
ER=4E AR 2 R E TR, RIBIRET B e rI M MERTIR A F1 B, &l 5 Ff
R, —HEEARITAM A TER B BB —IERE, I AT BHE j o EREETNE A E’Jﬁﬂﬁﬂiﬂl_m
HHEIE jy, ... jp, TZEEEBRHMILTER EHE K, ... . ko » FIERTH AR/, ME—FRNEHE
FUBIERREAS T, SEbR b, ZARUAEREIE B HE T AT B ML SRR IER S E N

15



Hap=J4®Ip 19)

Fig. 5 Intertwiner entanglement entropy (on the left) versus boundary spin state entanglement (on the
right): we distinguish the entanglement £ (A | B) between the intertwiner states at the two nodes in blue and
the entanglement E5 (A | B) they induce on the boundary spins in red

& 5 gLt AN () S50 B eSS (F): BATHEGX 2P i Egig 752 R 2 28
E(A|B), HABXZEMELFR AT LFESFIMYE E; (A | B)

where J4 and Jg are the spaces of intertwiners attached to the two nodes:

o 7,4 M1 9 2R T P9 R A Z8ES T 23 )

Ia = Invgyea) [Vh ®..0VIr® (VJ')*], g = Invgy [VA @ ... @ VEe @ V.

(20)
We assumed that all the boundary spins j, and k, are incoming onto A and B .

AR5 B e j, M kg BRIRASE] A 1 B #,

Considering a pure state in H 45 , we define the intertwiner entanglement & (A | B) between A and B as
the Von Neumann entropy of the reduced density matrices, obtained by tracing over 74 or Jg . Let’ s be more

explicit by choosing an orthonormal basis for the intertwiners at the two nodes:

EIE Hap PRI—DEEE, BATRK A 5 B ZRIRVZEES T € (A | B) & NI ERERE AT - T
RER, RLME MBI 7, 88 75 KBIGE, FATM AT RHIZEES i —HAREIER
B, SR&GH IR R

€, =Tnv [®Z-1Vj" ® (w‘)*] 15115 = bz (21)

Q . 3
£eg,= Inv[@qzlvkq ® VJ] , <1§ | 1§> =845 (22)

For an arbitrary normalized spin network state I € H g =4 ® Ig,
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)= Yap| LD ® |15), (I | D) = Trypy’ =1, (23)
ap

we compute the reduced density matrix:

BATH R FERERE:

pa =Trg [IXI| = Y (¥9")__IIE)(IF], Trpa =1, (24)

a,a

from which we get the intertwiner entanglement:

FH RG2S 198

E(A|B) = —Trygp’ Inyyf. (25)

Note that, even though the coefficient matrix ) is a priori not a square matrix, the matrix 3" is always

a square matrix. This entanglement entropy is bounded by the dimension of the intertwiner spaces:

R, HEREGEN ¢ SERARTT M, M pot WIR% R T/, PR G0 T st = 4k
JELEHIH

Er1(A | B) <min(Indim J4,Indim Jg). (26)

Another way to look at the regions A and B, once glued by the intermediate edge, is to group them into
a single region AB . The edge between A and B, carrying the spin j , is now within this coarser region AB
, while the remaining edges carrying the spins ji, ..., jp, ki, ... , kg are all on its boundary. Then the Hilbert

space of boundary spin states is

R IX I A M B B, £ FEd RGOSR, HEMNHAGNRDMXAB, EEA
B, WA B j AR TR ERR R XIR AB &R, A EHE ji ... jp. k1, .. ko B
PSRV P ARS (i L E os At pU R S )N SE N SES sl B D)

Hip= (Vi ®..QViP)® (Vh ®..Q Vke), (27)

<AB) AB)
Hy Hp

which is clearly not the same Hilbert space as H 45 . We write H;(AB ) = ®prp for the Hilbert space
tensor product of all the spins attached to the vertex A but the one living on the edge (AB) linking the two
vertices, similarly for B. The natural bipartite splitting of this boundary Hilbert space leads to a notion of
boundary spin entanglement, a priori different from the intertwiner entanglement. As shown in [29], these
two notions are nevertheless related. In order to make this explicit, we write the boundary spin states obtained
from a spin network configuration by gluing the two vertices A and B by a link state of determined spin j :

17



CVBRG Hap FRA—-DF/RERER, BINE D = ®, VP WIE TR A BREEEM
PRI (AB) ERIETEZSY, B BielIfm/rariasmsk &R, B FRHE, AR Rm/RERESHE
BRI =0 73315 T35 B ieAMgERItS, ercke bR T8EE T8, (EIELISCHR [29] iR,
XS R 8 T — s, BTSN B e 48RS 2 R3A 57 B HEAS: Ko
T A M BB — A IE B e j RURER SRS

Definition 1 (Gluing map from intertwiners to boundary spins). For a factorized spin network state I, ®
Ig € H 4 with decoupled intertwiner states at the two vertices A and B, and a normalized link state ® of

fixed spin j,

TE X 1NHIERERTA S B FeRIRG S L), X THEM DT A F1 B AL BABRMMEESHIE L E
TEMZRAS Iy @ Ip € Hap, PANIEE HEE j I —LEEHS @,

©= ¢l 1jb)j.al € Vi), @|o)=Trgi(¢) =1, (28)
a,b

we define the corresponding boundary spin state in Hg p obtained by gluing the two intertwiners through

this link state as

T 1E AE HY p HHIBIE I BRSSO & T DU JEELAS 2 BOX B 30 57 B eSS

Po (14 @ Ip] = (@ | Iy ® Ip) jg 1« = d; ), $bolf ® I} € Hip, (29)
a,b

where d; = (2j + 1) is a normalization factor. The notations I§ and I g correspond to the projection of

the intertwiner states on fixed magnetic moment of the spin j component:

Hd; = (2j + 1) BIE—LEF, 125 1§ 15 X AEEASTE ABE j 7 RINEEHIE R

Iy =Y 8@ (j.ale I, withI§ € H;*P (30)
a

Iy=Y I} ®|j.b) € Ip with I} € Hy*P 31)
b

The map %y is then extended to the whole Hilbert space 74 ® I by linearity.
B eI LRI MRS Py SEAR I DA /RIERF A T4 ® T o

A special case is when the holonomy along the linking edge is fixed g € SU(2) . The resulting gluing

map P, then reads:

— R IR LR L RIRIUREE g € SU(2),  IKINSEIATRG SIS 7, TN

By = —— % Dlu @)Dl (32)

1/dj a,
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Py Iy ®Ig € Hap = 1/d; Y. Dyo ()13 ® 14 € Hip. (33)
a,b

The trivial gluing corresponds to g = I, for which B [I, ® Ig] = ,/d Z LIRI;.
FRREEHN. g =1, HATHE AL ®Iz]=+/d; DI 1%
a

Proposition 1 (Entanglement of Intertwiner Superpositions:). Let I € H 5 = T4 ® Jp be an arbitrary
normalized superposition of tensor product of intertwiner states. Then the corresponding boundary state
Pe[I] € HgB , obtained by gluing the intertwiners along a link state of fixed spin- j, carries an entanglement
simply equal to the sum of the intertwiner entanglement of I and of the link entanglement of @ :

il (MBI EER:)e BT € Hap = Ty @ Tp HPEESIK B ERA— LS, A
LB EE B BE- j BIRERS SR A AT BRI BOASRES P [1] € HYp , HAGHIRIFET 192
PEELAE S  ABERS L 9E 2 A

E_g’q,[l] (A | B) = 81 (A | B) +Ec1> (A | B) . (34)

Proof. For an arbitrary normalized spin network state I € H 45 = J4 ® Ig,

E, M TERIE—LEEMSEST € Hap =94 ® Tp,

D)= Yo ) ®|I5), (11D =Tryy! =1, (35)
ap

and a normalized link state of fixed spin j,

PAK &I E BB j H9H— LB A,

o =gl 1j.b)Xj.al €VI®VI), (@) =Tre/(¢)) =1, (36)
a,b

the boundary spin state resulting from gluing the intertwiners at A and B using the link state ®g

T RS og RS A M1 B LRI HEAS BIHIA 57 B heas

ol = d; 3 YapPa |15 ® 15| = & ) 3 Yapdhali® @ 15", (37)
af af a,b

. . P i . .
with the notation I = (Ij‘) € Hy AB) ®p:1VJP . The key property of these intertwiner components
is that they are orthonormal:

WRITE 119 = (1) € KD = @F_, vir . Bty BN OIE TR BN IR
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gay 1
(¥ 15%) = T Saadaa: (38)
J

Indeed, each intertwiner basis label a defines an embedding of the tensor product ®§:1Vjp into the
single spin space V/ , i.e., a channel recoupling the spins jj, ..., jp into the spin j . This implies that pro-
jecting the intertwiner on different magnetic moments a leads to orthogonal states in V/ < ®f=ijP .
The same holds for the node B . This allows to check explicitly that the boundary spin state is normalized,
(Po [I] | Po [I]) = 1. We can then compute the reduced density on the boundary spins of A , as an endomor-
phism of H, AB) ® V]P

HR |, B ENRS o #E T KRR ®§:1pr FHEEEE VR, 2 — % Bk
1o oo jp EATRRE B EIE j HIEE, XEWEKEERE I FREE o 21958V o ®P Vie
IERAS, XN B s FEH, X LEREIEA R B ez d— 1, Bl (P (1] ] P [1]> =1, f#
JEIRATRT DAV A SB 5 B e L 2L B AR, 1N H,AP) = ®f Vi I E RIS

Z (V1) (#7872 HE) (27 TrpG = 1. (39)

ml

This directly gives the spin state entanglement:

F It R RIS 2 e ASEH 2

E3,n(A|B) = —(Tr¢ ¢ Ingie) — (Tryy’ Inyp’) = & (A | B) + Eq (A | B)
(40)

thus concluding the proof of this proposition extending the results of [29].

FICTERL T HET SR [29] 455 AT I A UERA,

A direct consequence of this proposition is its application to pure tensor product states, which do not
carry any intertwiner entanglement, E (A | B) = 0, in which case the boundary spin entanglement E° (A | B)
exactly reduces to the link entanglement. In particular:

AR — N BRI R B A T R A A R Ak BASHIN A, BTEA | B) =0, ItRiA
SLEFEAMYE E° (A | B) 1A IBMONRERS2UZE, H3jHh:

Corollary 1 (Factorized Intertwiner States). Let [4 ® Iz € H 45 = I4 ® I be a normalized intertwiner
tensor product state. The resulting boundary spin entanglement resulting from gluing A and B with and edge
with fixed j and given holonomy g € SU (2) only depends on the spin j and does not depend on the holonomy

g:
*&lﬁ 1(%%@@4‘ Elll_n)o KIA ®1B (S “}[AB = jA ® .73 jjjzl_"f’téf‘ ?f&i* VAYANTS ﬁﬁ% ] #éﬁ%*ﬂﬂ:\
g € SUQ) LK G A5 BJa, 192IRIAS B e URE T BhE j, SR g ok
E3 1,015 (A | B) =1n (2] +1). (41)
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This result is the insight that the spins of the spin network reflect the quantum correlation between spin
network vertices, i.e., quanta of 3D volumes as underlined in [30-32]. It is in fact at the origin of the proposal
of relating the spins to a notion of distance in loop quantum gravity [30].

45 R B BER Y B e e 1 M TTUR (RIAASCHR [30-32] 381AHY 3D AR E 1) Z RIRTE 7%
Bo IXSEPR L2 & 5 ) iRt B e 5 e S SR GRSk IX — 1R AT [30],

An interesting feature is that the entanglement above does not depend on the holonomy between the
two vertices. This is consistent with the local SU(2) gauge invariance of the theory: one can always change
the SU(2) holonomy along the edge linking the two nodes A and B and in particular set g4 = [, by doing
a suitable SU(2) gauge transformation at A or at B . This is actually at the heart of the “coarse-graining by
gauge-fixing” procedure introduced in [33,34]. Now, if one was to consider three nodes, A, B, and C , forming
a loop in the spin network graph, one could not gauge-away the SU(2) holonomy around the closed loop
A - B — C — A, and the tri-partite entanglement between the three intertwiners will depend non-trivially

on this holonomy and reflect the curvature carried by the spin network [35].

—NEBRR R, BRI A TR Z RIAUR, X5 %ISR R SU2) MyE A2
PE—2e BATSREEITET /LA 3 B AMHEIERT SUQ) MVERR, BEREEMT R A S B} IAK
SUQ) MUK, HReplIrIR BN g p =10 XEPR_EIERSCHR [33,34] 5IAR) “MITERL” R
Bl BUE, WERBE=1TE A, BN C £ H MRS —DMHAGE, MEAMTCREEE
THIHFRIA G A > B > C - A FFER SUQ) MUK, I =55 [ H) =& 0 2HgE = MLt
TATINIUR, I HRBH B BEMEH AR [35]

Boundary Spins and Bulk Reconstruction

RS R

The boundary spin point of view for spin network is much more general than the analysis of neighboring
vertices. Below, we extend the definition of the boundary spin entanglements to bounded regions of a spin
network containing more than two vertices. It allows for a formulation of spin network states of quantum
geometry for 3D regions with 2D boundaries and opens the door to a systematic study of the relation between
bulk geometry and boundary states.

H HEMIZSHII 57 B e EARRE TR B IS 2. NSXCBATTRIZSE B el i SCHET 25
ANPAETRREE 5 A BEMLS XK, B R eI 5 = 4E X IS0 7 8 1 ) LT B e 45 53R,
NERGITFE LA FIDFSHIRRATIT TR,

Indeed, the standard definition of loop quantum gravity’s quantum states as wave-functions on closed
graphs, as given earlier in (1), is only valid for closed 3D space manifolds, without boundaries. Now, a two-
dimensional boundary in 3D space would cut links of the graph and delimit a bounded region of a spin network
state, as depicted in Fig. 6. The geometry of a region with 2D boundary should thus be described with states

living on open graphs.
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HEL B, RS () SR, BRSO ER T SHARETE O HE R, % SOER T
ISR R =4S RIRTE, WE 6 AR, =4ERIFPH 480 RS UIRIEREL, SUEH B
A SIS, R — 230 SR X 8 LA 7 ph P ) 8

J6,M6

J3,m3

Fig. 6 Loop quantum gravity boundary data defined by the spin network puncturing the two-dimensional
space boundary 8,4 = 9}, , : the interior graph y is drawn in blue; the spin network boundary edges e € T
are drawn in red; they connect to the interior graph y by the boundary vertices in black and carry boundary
spin states |j;, m;) , which are the quantization of the geometrical flux through the boundary surface and

define quanta of area on 8,4

B 6 17 F BE W25 2 i) — 42 B30 5E I RE B 751 0 58U 8y = 03, : IRl y A ks
iy BBEMLZIA5I e € oT HLLEARH; EMNEE R AR R TR ERSINEE ¢, HELR
BHEES |ji, my) , AR ZFSILF R LANERIE 7, £ 8,y BEX THHET

Let us call " an open graph. And let us distinguish the boundary dI", as the set of open edges, from the
interior graph y made from all the edges whose both ends are contained in the graph, y = '\ 0T".

BAR T AFFE, FRENFFIAEERIAS or , 5 HmisEAE R AR LA BRI AERIE y X5
H, y=C~\dl,

The boundary describes the boundary of the 3D region. Each open edge carries a spin state with an a
priori arbitrary spin. This defines the boundary Hilbert space associated to a single boundary edge or in other

words to a single puncture on the 2D boundary:

AR =HEXIRRA 5. BAITOET D B, KAt BRI DMER, XaE T 584
JB5IA (RN 4EA 5 RN TR SRBRAIA S A /RIB R A3 )
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Veedrl, 7 =P E_er (42)

Je

The boundary Hilbert space is then the tensor product of those single spin spaces:

D5 RAERE A3 R IX 2 B s TR A 5K AR

Hor = Q) 7€ (43)

A boundary state in F(31 describes the quanta of areas of the boundary surface and can be thought of as
a quantum boundary condition for the bulk geometry.

FHor PHIAFSHIRIA R HREARR 7, AIEEA LR E IR,

Quantum states of the bulk geometry are now defined as gauge-covariant wave-functions of the SU(2)

holonomies along the edges of the interior graph y , valued in the boundary Hilbert space [36]:

IR U B B A E SO PERIE y 4534 F SU2) FRARITE AR I R AL, BUE T IO R/ /RIAR 2
] [36]:

Yr : SU@)Y - For (44)

This means that, for a set of group elements {g,} _ on the graph, the evaluation of the wave-function

ey
¥r[{g.}] is a boundary state. Then, for a given boundary state Q € F4r , the squared modulus of the scalar

product in boundary space,

XA, KB BB (g}, , ERE Yr [{g )] FIRIAGRR — MR, IA, WEAE
JBHRES Q € Hor , BB ERAEFT5

PP [{ge}] = [(Q | r [{geDs |, (45)

gives the probability for the bulk holonomies {g.} for the fixed quantum boundary condition Q . We do
not require the wave-function to be fully invariant under local SU(2) gauge transformations at each vertex
of the graph, but to be SU(2)-covariant under boundary gauge transformations. This is a generic feature of
boundaries in gauge field theories (see, e.g., [26]). More precisely, in our framework, we distinguish bound-
ary vertices, to which are attached the boundary edges, from bulk vertices, which are not connected to any

boundary edge. Then gauge invariance translates into

25 I EE B IS Q TATIUR {g.} RUMER, FRATTAS BRI bR e 1B B B T s AL A ik 2 Sy 2R
SU(2) MLTEAE e FRYSEE AR, HEREAAFHER NRE SUQR) thaEt, XZMiusie+
JOSEEFIRAL (1AL [26]), SEHERIHIYE, FEBATIHRMEIRSD, BATRIERIDFUINLATIN, 5
NEREATIAFULRATIR X 2 TF, N ATEA M R RE oy

Yr [{ht(e)gehs_(el:)}] = ®eear e ¥r [{g}] € Hor, (46)
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where the vertex v (e) denotes the (boundary) vertex to which the boundary edge e € JT is attached and
where ¢, = 1 when the boundary edge is outgoing (i.e., v(e) = s(e)) and €, = —1 when the boundary edge
is incoming (i.e., v (e) = t(e)) . When the boundary is empty, ' = @ , then the boundary Hilbert space is

trivial, /3 = C, and we recover standard wave-functions and spin networks on closed graphs.

HAP TR v (e) R Tl e € oT FIE R GO T, 1050 IO (Bl e) = s(e))), e, =1
; MIAFH NGO Bl ve) =t(e)), & = -1, MIOF AR, or = @, MWRILARFRIARS
BUESERLI, B Fy = C, FRATRASE] T £ 1A B _ERIRR IR BRECR E e 45,

This formulation of bulk quantum states as linear maps on the boundary Hilbert space, or in short
“boundary maps,” as introduced in [36], allows for a clearer bulk-boundary relation. For instance, it is ex-
pected that tracing out the bulk degrees of freedom, one obtains a mixed boundary state [30,37], which can
be seen to lead to a bulk-induced decoherence mechanism for the boundary [38,39]. Here, the boundary state
induced by the bulk state ¥ is simply given by the boundary density matrix defined as

IXRPRE A B ASFR I SR AR /R R 2 (A2 (FIFR “IL 5™ ) RUTE STk [36] $2H,
ERESETRMItAS MR- TSR, BN, AMTIAN, XA B BRI E 252 — MEANSRE [30,37],
XIS RIS IR THLH] [38,39], IXH, HAETE or BSBEIVILFETEZRINT
T X HIIA S R 4a

polvrl= [ TT deelwnlleo) (e lfg ) € Bnd [ar]. @)
su@)fr e

This is the general formulation to describe the classical and quantum correlations between boundary
spins, extending the previous definition of boundary spin entanglement reviewed in Section "Geometry as a

Network of Entanglement.”

XA B e RS BT RBAEAE R, #ET “TURRILZEMZE" — 35 [E a5t
H BRI JE A E Xo

This density matrix actually encodes the state of the boundary once we trace out the bulk geometry and
encodes all the correlations and entanglement carried by the boundary due to its embedding in the quantum
geometry defined by the bulk state r . For instance, in the case of a black hole described in loop quan-
tum gravity, this density matrix would contain the entanglement information between parts of a black hole
horizon, as considered, for example, in [40].

SENTDHRTUABRIL S, XA RSP Estgntd 1A SRR, FIRgwES 138 5 R AR 1
& pr B XHR T U SRR S A, B, fEER 5 Rr R RT, XNE
JERE R 2 B AR ISR A5 B0 0 Z [RIRZHZEAE R, IEANSCHR [40] FRAT IR ATAREE,

The natural question one may ask, especially in the context of the research on the holographic principle
in quantum gravity, is how much can we know on the bulk state ¢r , and in particular on the graph T,
from the boundary density matrix ps [¢r] ? As such, the bulk reconstruction problem is reformulated as the
purification of the boundary state. A universal reconstruction theorem was shown in [36, 39] : whatever the
density matrix on the boundary Hilbert space, one can always induce it from a spin network states based
on a graph with a single loop in the bulk. The key is that the SU(2) holonomy around that loop is enough
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freedom to explore the whole space of boundary density matrices. Since the holonomies carried by the spin
networks represent the curvature in the bulk, this theorem reflects the insight that the entanglement of the
boundary geometry of the region reflects the quantum fluctuations of the curvature within the region (see
[35] for further developments). However, it also shows that the boundary data does not reflect the depth of
the region. Thus a truly holographic reconstruction of the bulk from the boundary crucially depends on the
properties of the spin network states and requires a deeper understanding of the entanglement carried by the
bulk states. Setting the foundations of the structure of entanglement in LQG is the focus of the next section.

RHBERTSINEEFRHEITIATR Y, BMMRERSTEHRIEE: WSS LR o [¢r] A,
BANRRAAE TS or WZ/ER, FHRE T N2/ MMEE? fait, AEERER] D ERRE
PN SRASHIAE R, — N8 F EEE B EAE [36, 39] HHKUERR: JCIRI AR AR B2 ) b A
FEMEZH 2JER, e AT DA — MRS BT DN BT B BEM 48 158, OET, ZIN
SUQ2) FAGEE CaR it 7 R EHY B Rk S8 ML SV RS R, BT B e s RIS
Xt R AR AR, XA E BRI T — MR DX 57 AT A2 2 S Bk 1 X ISR R il 3R Y B
kg (E—P R [35]), (HERINMRY, BFBHRTIRRMXIBINENRRE, Fit, M5t
REIE2RBMERE, SCEAMT B IR SRITER, IEFHERNTE IR A B R RS T 22,
FER—11, TAERETN LQG FHRIAESS AL T ZLfil,

Geometric Entanglement Entropy and the Hierarchy of States

JUTEN ik S5 S Z

The kinematical Hilbert space of loop quantum gravity is spanned by spin-network states |T, j,, I;,) , an
orthonormal basis of states that, at fixed graph I', simultaneously diagonalizes a complete set of commuting
observables given by ultra-local operators which have the geometric interpretation of microscopic areas of
each link and microscopic volume of each node of the graph. As a result, by construction, correlations at
space-like separation vanish: For instance, the connected volume-volume correlation function is identically
zero in each spin-network basis state. The following two questions then naturally arise: What is the behavior
of correlation functions in a typical state in the Hilbert space? And how do we characterize the corner of the
Hilbert space that supports states with long-range correlations as the ones of perturbative quantum fields in
a fixed background spacetime? In this section we delineate recent progress in addressing these two questions

using quantum-information methods.
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Entanglement Entropy Bounds on Uncertainties and Correlations

AR ATl PE 5 IR 57

The notion of entanglement entropy provides a powerful tool that allows us to characterize properties of
a subsystem, such as uncertainties and correlations, in terms of a single information-theoretic quantity. We

describe here two results and their application to the quantum geometry of space in loop quantum gravity.

ARSI T — DR R TR, BRI D BN RIRBRIE T REMIMER, HLan etk
FXRER, BAVERAARDNEER, MHERE 5 RE T TUTH RN,

The first key result is a lower bound on the uncertainty of outcomes of measurements on a subsystem. Let
us consider an isolated quantum system with bipartite Hilbert space H = # 4, ® Hp . Given a pure state |)),
we can determine the probability p, that in a measurement of an observable O 4 in the subsystem A , we find
as outcome the eigenvalue 4; . A standard way of characterizing the probability distribution of measurement
outcomes is in terms of moments of the distribution: We compute the average outcome (1) and the dispersion
around the average A1, and, if the probability distribution is peaked around the average, these two moments
characterize well its peakedness properties. In general, however, for distributions with long tails and for
multimodal distributions, average and dispersion do not provide us with a quantitative characterization of
the uncertainty in the distribution of measurement outcomes. Information theoretic methods, such us the
Shannon entropy of a probability distribution S (pr) = — D, pr log px , provide us exactly with the tool to

k

address questions about uncertainty in these more general cases: a large Shannon entropy indicates large
uncertainty in the distribution of measurement outcomes, while a zero Shannon entropy tells us that the
state 1) is an eigenstate of the observable O, , and therefore there is a certain outcome given by the associated
eigenvalue. The entanglement entropy S, (|)) = —Try (4 logpa) (With p4 = Trg [P)3| ) provides a bound
on the entropy of measurement for any set of observables in the subsystem A . Let us consider a state |)
and a complete set of commuting observables O (c.s.c.0.) in the subsystem A . The entropy of measurement

outcomes is

F—MROEER R T RGBS RARE LR T BB E D0 Rm/RIARZERN H = H,®
Hp ML BFRGL. AT [p), TATATAHEMR p - MET RS A PRIATHNE 0, I,
TFEIRHIEME Ak TEONEERAUMER, SRAEMI B LSRR A0 HIbR I 75 TR 2 A 20 A B RE: AT
BIEEER () FIPIEMNEREZE AL, WERBER A SR EFII(EMRE, B 20X ERRE R
RIED ARG, H—RmE, N TREMMZIESME, FEENEZTRE ]I AN E
SR WE M, FREIRTIE, BIAIER2 1 S (pr) = - % piclog pi FIEA, Tt NEA]

FRE T AL T — MR PR PR T L B A, U4 L 29 1 F RH
K, TIBERBHBRIE |[p) RAIE 0, (AR, RIS —E 2N RRHEE, 498
185 S, ([9)) = —Trq (o4 10g o) (L o4 = Trg [0)0] ) 21 T F 5o A R — LTI B B A
IR, TRITBIETREA FFI—F [) A 40 5 AR 52 24 0} (cs.c.0.)o MRESTAVEH

S (1), 0y = o)== p(1$), 04 — a')log p([), 04 — o), (48)

aj

where the probability distribution is given by the Bornrule, p,, = Y, |(a!, 8 | ¢>|2 ,and |, B) = |a') ,®| B)g
B
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is an orthonormal basis of eigenstates of the c.s.c.o. 9} . This quantity is bounded from below by the entan-

glement entropy [41]:

AR MG BRI H py = zl< BIO), |ohB) = |ad),®| B BB AN E 2L %
O AESHIERIF—%, ugﬁaéHéf fZa IR AR [41]:

Sa(19) < S(|$), 0f — a') YO} cs.c.o. in H,. (49)

Note that, while the right-hand side of the inequality depends both on the state and on the observables,
the entanglement entropy on the left-hand side depends only on the state and on the subsystem A that those
observables probe. Therefore the entanglement entropy provides a universal lower bound on uncertainties
for observables in a subsystem. In the next section, we use this result to put bounds on the uncertainty of

geometric observables in loop quantum gravity.

B, BN RIE T34 RINARR T A R LN &, 72 T30 RLH ARG (AR T ZARIX 42 ] X &
RN TR A . KIS H 7RG el M EAHEEREA TR, £, TR
A EE R4S B B 15 b LRI ] L2 A e PERI 5

The second key result is an upper bound on correlations of observables. Let us consider an isolated
quantum system with tripartite Hilbert space £ = 4, ® Hp ® H . Given a pure state |¢p) , we can
compute the connected correlation function § of two bounded observables O4 and Op acting, respectively,

on subsystems A and B :

BB AN SRHRES IS R AN B OGBS, BRAEE— D =0 f/RMERZER H = Ha Q@ Hp @ Hc K
AR TR, BEMAL ), BATRIIHEDBIERET R A M B LRI DNE A INE 04
M Op HIFEBREREEL G -

= (Y|0408| ) = (P |04 9) (P |0p| ). (50)

The mutual information S4pc (|)) of the subsystems A and B can be expressed in terms of the entan-

glement entropies of A, B, and C and is given by

T ARG A M BHIEAER Sapic (19) FIBAH A, B fl € RIHgERIRE R, HERER

Sapic (19) = Sa (1) + Sp (1) = Sc (1$)).- (51)

Remarkably, the mutual information provides us with an upper bound on the correlation function G
,[41,42]:

ERERNE, BERAH TR § 1 B [41,42]:

(#1040 9) — @ |(9A| §b> (¥ 10g| ¢>)
ol Jos|

apic (19)) - (52)
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Note that, while the left-hand side of the inequality depends on the observables O4 and Op , the right-
hand side depends only on the subspaces they act on. Therefore the mutual information provides a universal
upper bound on correlations. In the next section, we use this result to put bounds on correlations of geometric

observables in loop quantum gravity.

HE, ZAFEXREREAT ANE 0, 1 0p , WA T EMERRNF220E, BHEE
BERRBREE T TIEA E5 £ T, BRI 25180 & 51 7 LT rT L A ek
gt i,

Throughout the analysis we assume that the system is in a pure state |)) . As a result, the entropy in the
complement J(- equals the entropy in the factor /4 ® H g probed by the set of observables 04 and O, i.e.,
Sc ([¥)) = Sag (J¥)) in (51). We note that the assumption that the system is in a pure state is not a restriction:
We adopt the point of view that, if the quantum geometry of space was in a mixed state, then we simply have
to take into account a larger Hilbert space that includes the purifying degrees of freedom. For instance, in the
presence of matter, the complement #(- describes both the quantum geometry not probed by the observables
04 and Op and the matter degrees of freedom.

RIS ET, BAMRRRGETAE [¢) o Fit, #ME I FFFT AR ES 0, F1 0p
RIMAIEF 704 @ Fep HIME, BRI (51) I Sc (19) = Sap ([9)) o TATEVIRH, RFELTAESHIR
FFARRRA: AR, WRZANEFIUTLETRSS, BIMAFIIAERN, @Egks
R A /R IER S BB a] . BIan, fEEVImi, #hEE 7o RIRHER AR ATILNE 0, A1 05 FRIEY
BF USSR E B,

Hierarchy of States: Volume-Law, Area-Law, and Zero-Law States

SRS AR, RS FRES

In loop quantum gravity, the quantum geometry of space is described by a state |i) in the kinematical
Hilbert space 7 X" . A semiclassical state is peaked on a specific value of the intrinsic and the extrinsic ge-
ometry of space. This condition fixes only the expectation value and dispersion of local geometric operators
but leaves correlations at space-like separations unspecified. On the other hand, in perturbative quantum
field theory on a given classical background geometry, these correlations take a specific long-range form. It
becomes crucial then to identify the class of semiclassical states |) that capture the perturbative effective-
field-theory regime of the theory, by prescribing also correlation functions. Quantum information methods,
and in particular the results (49) and (52), provide a new perspective on how to restrict the class of semiclassi-
cal states by moving the focus from correlation functions to a hierarchy of scaling laws for the entanglement
entropy of a region: volume-law, area-law, and zero-law states. As we will see, area-law states provide a con-
dition for semiclassicality.
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The kinematical Hilbert space (™ is spanned by spin-network states |T, ji,,I,) with graph ", spin j,
associated to its edges, and intertwiners I,, associated to its vertices. To illustrate the main ingredients of the
hierarchy of scaling laws, we consider a specific sector of # X" : We fix both the graph I' and the spins j, . As
a result, we obtain the sector

BT RAARE S ] FCRn B B FEMLERS [T, jo, I,y 5K, IXEERXMMNE T, WHH BEj,, Tt
intertwiners(JESEHAT) I, . NRIWNERBERIIBOEER, TATHIE 7k 79— PDRIE X R
[EE S T FIEBE jo , BREASENZXI

HES, = Q) T (o) (53)

where 7, (j,) is the intertwiner Hilbert space at the vertex v . Having fixed the graph I' , we have an
immediate notion of connectivity and of geometric regions. Moreover, at fixed spins, the Hilbert space reduces
to a tensor product over finite dimensional Hilbert spaces 7, , one per node. This is the same structure present
in ordinary many-body quantum system, and we can easily bring in methods and perspectives from condensed

matter theory. We discuss later how to generalize these methods to a sum over spins and graphs.

Hrp 7, (jo) BT v 4K intertwiner(PESERAT) F/RIERFSR, BIEE TG, FA1AIDAEREE SOE
WS AR, Ak, BielElEE, fmRERS R LR RO R — M RRER/RIER2
Al 7, FISK B, 124505 RS AR TFRANEHE B, BN AERS | NBERSHICH 7T
ERLA, BOEXSTHEUM R LE 75 i5HE T 2 B he S BRIk,

For concreteness, we restrict attention to a regular graph: a cubic lattice I" with a finite number N of sites
(or vertices) and periodic boundary conditions (torus topology). We assume also that the spins associated to
each edge of the graph are fixed and equal to j, . As a result, we have a many-body quantum system, where

each body is a quantum polyhedron [22] with six faces of equal area a, = 87Ghy+/ jo (jo + 1) . We can write
the generic state as

NEREN, BATEEEIIRHE—NE L — DN EEAREE N D (ST fE T
S GREIThN) RIS s T o BATERILS BN &IOS B i E e, HESE
T jo o B, HMMEEI T 1M 2HRETRS, HPEMEEER—PMEEANEHAMEZENE o) =
87Ghyy jo (o + 1) NEFZ AR [22], FRATTA] AR —RIRESE N

) = . Z Diy,in 1) @ - B lin) s (54)

. . i \®6 . . . .
with [i,) € 7, = Invgy ) [(VJO) ] an orthornormal basis of intertwiners at each vertex. The factorized
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structure (53) allows us to identify an immediate notion of geometric regions containing N4 contiguous ver-
tices and geometric entanglement entropy associated to the subsystem decomposition £ = H4 ® Hg . We
are now ready to describe a hierarchy of states with different properties of the quantum geometry.

Hr i) e, = II’IVSU(Z)[ Vjo)® ] BN TRAL intertwiners(JESEHEAT) HIFRMEIER I, 7RG
(53) RIFBATEREE LEE Ny MBS TR XK, AR B FRGEE I = F, @ Hg HIJL
AL gis, FATTERAE AT AR B A AR & ) LT RS 2R T .

Zero-Law States Spin-network basis states |T, jo,i,) = |i;) ® -+ ® |iy) are product states over the in-
tertwiners associated to the vertices of the cubic lattice. As a result, if we consider a region A of the lattice,
the entanglement entropy S, vanishes: they are zero-law states. To illustrate their properties, let us con-
sider some examples. We can take |i,,) to be given by eigenstates of the oriented volume operator V}, . In this
case, dihedral angles 6,,,; will have large uncertainties (with a non-zero probability of finding both cuboids
and pentagonal wedges), but the outcomes of measurements of the volume have zero measurement entropy,
S ([$), V, = v,,) = 0. Therefore they saturate the uncertainty bound (49). We can also consider coherent states
®;, and ®; co-
herent intertwiners peaked over the Euclidean geometry of a cube [22-24]. In this case, the average volume is

for the intrinsic geometry of a cubic lattice by choosing the state (54) with ;| ;. = ®; -
the one of a cube with faces of fixed area, the average dihedral angles are right angles, but there are fluctuations
around the average. Are fluctuations at nearby nodes correlated? The correlation bound (52) tells us that all
connected correlation functions, such as angle-angle correlations G = (6,,,667¢16') — (Onee) (Bnrerer) = 0 , van-
ish because the mutual information between regions is zero. Therefore there are no correlations at space-like

separation for zero-law states.
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Volume-Law States The Hilbert space of a cubic lattice at fixed spin j, has finite dimension dim H(r ;, =
(dim ﬂn)N where N is the number of nodes in the lattice and dim J,, is the dimension of each intertwiner space.
For a finite dimensional Hilbert space, there is a notion of random state [¢) , that is, a state extracted randomly
from the ensemble of normalized vectors with uniform probability distribution. Equivalently, one can con-
sider a reference state |),) and arandom state [¢p) = U |¢)y) , where U is a random unitary extracted from the ensemble |
of unitary matrices distributed according to the Haar measure. Remarkably, the entanglement entropy of
random states has typicality properties: For a random state, the probability of finding a given value of the
entanglement entropy is peaked at an average value (S 4 ) with a small dispersion AS 4 [43-45]. Let us consider
aregion A that contains a finite fraction of the nodes of the cubic lattice and discuss the limit of large region

N4 — oo and large lattice, N — oo , with fixed finite ratio f4 :
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fa=w <3 (55)

In a random state, the average entanglement entropy of the region A is
TEREHLASH, XA K T-EI2H2E5
logd, 1. _ 1=2fA)V/
(Sa)=faV——~5dn (=211 + 0 (dy), (56)
0

where vy, is the average volume of each node. The number d,, = dim J,, is the dimension of each six-
valent intertwiner space. It is equal to d,, = 5 for j, = 1/2 and scales as d,, ~ % jo? for jo > 1. Asthe
formula shows, at the leading order, the entanglement entropy of the region A scales linearly with the volume
Va4 = faV of the region. While this is the average entanglement entropy of random states, its value is also
typical: the dispersion around the average is exponentially small in the volume,

Hrb vy 2801 REEIEE, d, = dim 7, 2EDASNESZ RO, 4 j, = 1/2 HEET
dy =5, 4 jo> 1NERENI, ~ %jo3 o MAKAUR, FEKBIT, XA FILHZRE 51X I8
BV 4 = faV BEMIRERR, IXZREVIASH T2, [RIN R tBA SR e (R
A R AR 2 FE RN,

1 1
ASy=14/35— Z5f,1/zdn_(1_f")wu0 +0(dn)- (57)

The uncertainty bound (49) tells us that, because of the typical volume law for a random state, there is
no observable in the region A that has vanishing uncertainty. In fact for a set of observables probing a region
of average volume V4 , i.e., a c.s.c.o. in #{, , the measurement entropy (48) scales linearly with the volume.
Moreover, one can consider the mutual information for two regions A and B . The leading order volume-law
terms cancel in (51), and, as a result, the typical mutual information in a random state is exponentially small
in the total volume V' . We can use then the correlations bound (52) to conclude that, for instance, angle-angle
correlations in a random state scale as

AEPES (49) R, HTRENLAT R MAARE, XA P FERE R R INE, =
Kb, NT—HIRMFEHER V4 KRBT S, B 70, FRRIsEaxt 2 il s e, IR (48)
SHREBLMIRRE, b, AT B ER X AR B ZHEEER, JELHARBRITZE (51)
HiE, RUERENLAS A BB B E B REEATE v 2H808N.  TRATIBESE 7] DR A SRR (52) 152
ghie, Ban, BENLASTRH - RN E
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G = <eneé9n’e’é’> - <9neé> <6n’e’é’> =0(dy), (58)

and in general, correlation functions between any two space-like separated observ-ables are exponentially

small in a random state.
—RET S, BRI B nl WL & B Sk bR EAE LA H D 2 FaEURV D,

Area-Law States In many-body quantum systems, area-law states arise as low-energy states of Hamil-
tonians with local interactions. To lower the average energy, the state needs to have a long-range decay of
correlation functions which result in geometric entanglement entropy that scales with the area of the bound-
ary of the region [46-48]. This behavior is to be contrasted to the one of high-energy states which typically
satisfy a volume law. In fact, random states of fixed energy (away from the edge of the energy spectrum) show
a thermal behavior for subsystems (known as eigenstate thermalization hypothesis) [49-51] and result in a
typical volume-law entanglement entropy with scaling coefficient dependent on the energy [44,45]. Another
relevant example of states that do not belong to the low-energy spectrum is zero-law states, which by defi-
nition are product states: the lack of space-like correlations results in a contribution to the spatial coupling
in the Hamiltonian which makes them high-energy states. In quantum field theory, these zero-law states do
not even belong to the Fock space of the theory as they are not Hadamard states [52,53] and, if an ultraviolet
cutoff is introduced, they can be understood as states with divergent energy density. To better characterize
the class of area-law states in a way that is insensitive to the ultraviolet behavior of the theory, it is useful to
consider the mutual information S, ¢ (|3)) between a region A and the complement B of the enlarged region
AC ,where C is a "safety corridor” around A [54]. In loop quantum gravity, area-law states at fixed spins arise

from long-range intertwiner correlations. Their geometric interpretation is discussed in the next section.

HRERSES AR T RSP, WAERSIENEA R LRI TE RS H M. AT
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We note here that the conjectured relation between entanglement in loop quantum gravity and entan-
glement in quantum field theory relies on the same key assumption used in the investigation of the graviton
propagator in spinfoams [55, 56]. In quantum field theory, there is a fixed background geometry that allows
us to choose a region and then compute entanglement of quantum fields. In loop quantum gravity, when one
considers a semiclassical state, the expectation value of the geometry determines an effective background,
and the quantum fluctuations of the geometry reproduce the correlations of the metric perturbations in the
effective field theory. It is this matching of correlation functions that results in a matching of entanglement

entropies in the semiclassical regime.
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Area-Law States and the Architecture of Spacetime Geometry

[ iaete = s] S R BN )

In a non-perturbative theory of quantum gravity, low-energy-density arguments (as the ones discussed
above for many-body systems and quantum field theory) are problematic as they assume the existence of a
classical background geometry with respect to which the energy density is defined. It is then useful to reverse
the logic. The architecture conjecture [57] uses quantum-information methods as a probe of semiclassicality

of physical states in quantum gravity:

TEAEREt 25 e, (RAEE EICIUE (WU LB N 2R RGN & T IR IR AYIX I UE) 77
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Entanglement and the architecture of space-time. In a theory of quantum gravity, for any sufficiently
large causal domain in a semiclassical space-time, the entanglement entropy between the degrees of freedom
describing a given causal domain R and those describing its complement is finite and, to leading order, takes
the area-law form Sg (|§)) = 27 Area (3R) /L3 + ... , where |¢)) is the quantum state of the semiclassical space-
time geometry and Area (JR) is the expectation value of the area of the 2-dimensional corner of the causal

domain R .

Mg EIN SR, RTINS, N TR NS E R RS RI RS, A% T FEE R
9B HE S IR EANER B B 2 AR 2 AR, BAESEKK R IR E B8R Sk (j9) =
27 Area (OR) /L% + ..., HH [p) BFEME = LAE TS, Area(dR) 2RRIE R Z4EH R R
HTHAEEAEL,

The conjecture is motivated by the area-law behavior of the vacuum state in many-body systems with
local interactions and by the vacuum entanglement entropy in quantum fields theory on Minkowski and on
curved spacetimes. In quantum field theory, the vacuum entanglement entropy is ultraviolet divergent and
scales with the area only if an ultraviolet cutoff is introduced, either by putting the theory on a lattice [46,47],
or by introducing a safety corridor C [54], or by defining the region using a coarse-grained sub-algebra of
observables [58]. On the other hand, in quantum gravity the finite Planck area coefficient L% /27 is expected,
as supported by various lines of evidence from the renormalization of the gravitational coupling in black hole
backgrounds [59], from the thermodynamics of space-time geometry [60], from the holographic entanglement

entropy [61], and from the entanglement entropy of the Rindler horizon in perturbative quantum gravity [62].
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ERBRISINIK B BAREE LN 2 A RGBSR EAERIT N, PR RN 2 F1 2 i
= FRFIENEZ MG, BFitth, BEXMERERINGEE, RETIANRIMEMTEA =
JEHRRE —TCIC R K EICHE AL [46,47). SIALEIERR C [54], MEZEIEHERL L AT WL & 51X
HoE XX (58], 5—T5H, BF51 Rl HBIARINE B R Y LE/2n , X— RG22
77 HUERR SR BIRE & RIS EEL [59]. N2 LA [60]. R LU98M5 [61], DA
PR T 571 P EEEI LS U 28 [62].

Often, it is useful to characterize states in the Hilbert space independently of the Hamiltonian and directly
in terms of properties of the correlation functions. This procedure identifies a corner of the Hilbert space that
can then be used as a variational ansatz for the dynamics. In many-body quantum systems, this approach has
a computational advantage over exact diagonalization of the Hamiltonian. Using a similar strategy in loop
quantum gravity, where a local notion of energy is not available, allows us to identify classes of states with a
desired scaling of the correlation functions before addressing the difficult problem of the dynamics. A gen-
eral technique for addressing this problem is provided by squeezed vacua for spin-networks, a family of states
T, y) that spans the Hilbert space of loop quantum gravity, which are labeled by a graph I" and a matrix y{}B
which encodes quantum correlations [63-65]. Squeezed vacua provide an overcomplete basis of loop quan-
tum gravity that is tailored to the study of the entanglement structure of space in a semiclassical spacetime
geometry with perturbative quantum fluctuations. The definition of squeezed vacua for loop quantum gravity
involves three key ingredients. The first is the use of a bosonic Hilbert space as done in the spinor represen-
tation of loop quantum gravity [66-69]. The idea is based on Schwinger’s oscillator model of spin [70]: Given
two oscillators with creation operators aJ{, az and vacuum |0), the state of definite spin is given by | j,m) =
()™ (@) "

VU+m! y(j—m)!

for a bosonic lattice introduced in [65]. In the simple case of a single harmonic oscillator with vacuum

Lgt
|0), a squeezed vacuum is given by |y) = e2"* ¢

|0) . The second ingredient is the construction of an overcomplete basis of squeezed vacua

! |0) , where y is a complex number. The third ingredient
is an improvement of the original loop expansion that is at the roots of loop quantum gravity [71]. Using
bosonic variables, one can introduce normal-ordered Wilson loops and use the loop expansion to define a
projector from bosonic states to loop states [63]. The result of this construction is a formulation of squeezed
vacua for loop quantum gravity, written as a superposition of spin-network basis states |T, j, I;,) (Eq. 102 in

[63]):
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I3 SEH o I 10 BREATT AT DARE A /R (B R 28 (R — X, e 82 Al R L VRS 1 2B 32 0 L1k, 2
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TRSTAR 1 o 9 2SI B RS T2 (AL — B R E B e 8 e 2 B e 1 3 X2 ik & 7 5 | O /R (B
RS AR — AR [T, y) , HHE T RIgw A0 B RIREIRERE y3P ARiC [63-65] IEAEH 2 N E B 751 1172
T —HE A, LTI TN 2 U 2 A 2 gEgh A, Hb t S it E ks, &
FIINEGEZERE XU & =MoL ER: 35— NFEE R T 5 I EERRRE, 5IABGR/KR
{ARFZ2IA] [66-69], IX—RIKHET iR % 1 FEHR S A2 [70]: A PN AEBAFA af, o] AR A8,

jtm o jem
HEZ%H |0), the state of definite spin is given by | j, m) = \(/% %IO) o BIANERESMR [65]
HRER OB 68 AR I e 8 R A B S E MG, XN T H 250N |0), a squeezed vacuum is given by | y) =
379" o) [y MR TR AT, Hrh y MR B ERERHEN RT3 SRR
BRI [71], R G E, AT AN IEMFEURIEE, Fidid E R E XMW ESE]
BSHHEEBAT [63]. XMERALBH TEE T NEFETHRE, Er G N HIEMSES

T, je, I,) BN TR [63] X (102)):

|F’ ijB> = Z Cledy (V{}B) T, Jeo L)) (59)

jer

. . B\ — . B . .
where the expansion coefficients ¢;, ;, (yfj‘ ) = <F, JoIu | T, 7 > are expressed as Gaussian integrals

HARI RS ¢, i, (rAP) = (T, oo Iy | TyAP) FTLAR R TR HIRL S

d*Ezd4E 3 _gAzi L1 ABSi 5]
. AB\ _ z a7 L i2at3Vij 2a%B
c_]eJU ( ij ) - f 7T4E Zjere 2 ) (60)

with the polynomial insertion

DIRGE 2V NI

+ii N 2E 0\Ji—mi 1\Jitm
Ziety = 2 ( 1[Iv]m1,..mv)<H i) (z,) ) (61)

mi=—j; \v= i=1 V(Ui — m)! (i + my)!

The advantage of using squeezed vacua is that they encode efficiently properties of a physically relevant

corner of the Hilbert space into a matrix ;/g‘]‘.B , Which determines the correlations at space-like separation
that can be bound using formula (52). Note that the matrix y{]‘.B appears only in the exponent in (60), and it
couples the spinorial variables z{! attached to the endpoints of the links of the graph I' . We note also that
squeezed vacua automatically induce a superposition over spins with specific coefficients which include also
Je = 0 and therefore a sum over all subgraphs. Information-theoretic methods allow us to characterize quan-
tum states of the spacetime geometry in terms of their entanglement structure and mutual information. In
particular, for y; jB = 0, the state reduces to the Ashtekar-Lewandowski vacuum (projected to the graph T
), and it satisfies a zero-law for the geometric entanglement entropy. A non-trivial area law arises for Bell-
network states [72, 73] which corresponds to a short-ranged squeezing matrix y{}B = g, j)eAB whose only

non-vanishing components are the edges e (i, j) of the graph I' . These states provide the first concrete real-
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ization of the conjecture on entanglement and the architecture of spacetime put forward in [57] as they show

how a semiclassical geometry arises by gluing nearby quantum polyhedra with entanglement [72].

EREHRSARSEET, CEREFAR/RAER 2 Al A — MR SC A PR B e R 2R R 513P
H, BIERERTE TR A NEUSRER, BATANEE A (52) YRR, ERIER P (UL
7ER (60) HIFEEID, EME THERE T S m gL e 22 . JONERN, EHETXEE)
BRHAARTERBEERN, REPHEE j, =0, REHESTNEFERM, ERIETE
AVFBA MRIBAMEEEH 5 AR B ZImN 2 T LAl SRR, JUHSTE 58 = o i, 1ZSLn
Bl Ph - 2RI E S (R RIE T L), Hie LA E, N T IURMSA [72, 73] &
PHAEART FUIEIAREE, IXKEN BARREARERE 7P = Ao pet® , HAANIETDEMTE T KL
e(i, j) bo IXEEZE ARSI T SCHR [57] #R tH AR T 98 5 N S E5 g REAE: ENRR T4 M
JUARTGn R 3E i 2HRRGFEEAH AR B - 22 A= 4 [72],

In order to distinguish between a microscopic area law and an effective area law, it is useful to introduce
the notion of geometric entanglement entropy with a “safety corridor” around the region [54]: one considers
a region A containing N4 nodes of the graph, an enlargement AC that surrounds the region with a corridor
with N nodes, and the complement B . The quantity of interest is then the geometric mutual information
(51) in the limit Ny — o0,N¢c — oo, with N¢/N4 — 0. In this limit, states that have only short-range
correlations as Bell-network states satisfy a zero-law for the mutual information. On the other hand, when
the squeezing matrix has also long-range non-vanishing components, for instance, with an inverse-distance
decay with respect to the average geometry [64], one finds an effective area law for the mutual information

Sap|c (IT', 7)) of squeezed vacua.

MY K AR S A R AR, 5 2 eiliE” B LA gt S R AR A R, BIFERTFFRIX
IRANIEE — [l 22 2IEIE [54]: FAB B D EEEH Ny DM RXIA, KR K2 AC BlSt
JE X — A N o D1 R TE, DUSANX I B o FA T B E R RFR Ny — 00, N —
T (/8 Nc/Ny - 0) BJUITEER (51)o EHARIRT, A AEREREIIZ 1 IURMZEE) fif 2
BEENZEEH, 5—J7H, HE4EEMERAEREIET o BN —FIn s BRE-F ) LA r B E%
I [64] — AT UL BUEAEE B EAE R Sapic (T, ) e A R,

Summary

R

We presented recent developments at the interface of loop quantum gravity and quantum information
and discussed applications of entanglement measures to quantum geometry. In particular, after describing
the Hilbert space of spin-network states together with its interpretation in terms of quantum geometries (Sec-
tion "Wave-Functions and Spin Networks”), we introduced the notions of link entanglement, intertwiner
entanglement, and boundary spin entanglement (Section "Geometry as a Network of Entanglement”). We
then showed how these notions encode the gluing of quanta of space and their relevance for the reconstruc-
tion of a quantum geometry from a network of entanglement structures (Section "Boundary Spins and Bulk
Reconstruction”). Moreover, using information theoretic bounds on the uncertainty of geometric observables
and on their correlations (Section "Entanglement Entropy Bounds on Uncertainties and Correlations”), we

showed how the geometric entanglement entropy of spin-network states at fixed spins, treated as a many-body
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system of quantum polyhedra, allows us to identify a hierarchy of volume-law, area-law, and zero-law states
with different scaling laws for correlation functions (Section “Hierarchy of States: Volume-Law, Area-Law,
and Zero-Law States”). In particular, we conjectured area-law states as the corner of the Hilbert space that
encodes a semiclassical geometry (Section "Area-Law States and the Architecture of Spacetime Geometry”)

and the geometric entanglement entropy as a probe of semiclassicality in quantum gravity.

BN ETEE TSNS B HEREXGSNE TR, THe TAUEERER T LAHIIME, B
RS, BAERE B HEM LSRR BR 2 A MR Uieke (FEY S BhEMs” ) &,
FIANTIERMYE, intertwiners 2495 530 51 B HEAMPERIMES (FET VRN LA” ). BJE
FAT A T IR LS AN S 22 R BT HORG S, DAREATTR T A et Ay o 45 B A | LA RO T X
(B LR ETESERER" ), toh, GRS LA B e M A HoCHRRT 5 (BT T
TEVES RIS ), TR T UAPREEDE B e T E BEMI 2% 25 LT SRR AN 22 (R & 1
ZHIARSGE, MK HRBRE B R A RFRE R AR, mRESTRESER ET SR
o AR, EAVERS TR ). BAME, FAVERERESRR/RER 2 R hgmpd -2 L]
AR (T TR SN LAIIEHE" ), TR LA ] (e RN E 75 b it
T A,

The goal of these investigations is two-fold: (i) to determine the fundamental nature of spacetime ge-
ometry, by clarifying the role that entanglement plays in gluing spacetime quanta, and (ii) to provide new
tools, both conceptual and numerical, for identifying the regime of loop quantum gravity where an effective
description in terms of quantum fields on a classical spacetime is valid. These are needed steps in order to ex-
tract robust observational predictions from loop quantum gravity. While the results described in this chapter
mostly focus on the kinematics, we expect that these techniques can provide the basis for future investiga-
tions of the dynamics of loop quantum gravity. In the Hamiltonian framework, squeezed spin networks can
provide a variational ansatz for the solution of the Hamiltonian constraint, with the variational parameters
encoding directly the entanglement structure of the state. In the covariant framework, bulk reconstruction
requires the entanglement structure in the boundary state to match the structure of the spinfoam dynamics.

IXLERF TR ER B AR:() 18I E TS ARG & IN S B I BRI AR, fE N 2 LR EEA AR
Jii; (i) SRAGHTARIME S S BIE TR, WEE R 51+e] DAZINE R &7 T E RS
FIX I, JX LA 2 M E & T 51 1S EIA] ST S R E R, BARAENAHNEREERETIE
SR, BAIPHIEESIRR] DOVAKRIT L E & 151 hah AR ke, R EumesR,, K4
H BERIZ% AT DN G T RE SR B AR BE A2 01001, 387 SRR R mSASHI LIRS, TEPEAESR A,
IREA BRIV SUS A A5 H BEIRIREN 11 45 LR,
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